The fundamental solutions (Green functions) for the Cauchy problems of the spacetime fractional diffusion equation are investigated with respect to their scaling and similarity properties, starting from their composite Fourier-Laplace representation. By using the Mellin transform, a general representation of the Green functions in terms of Mellin-Barnes integrals in the complex plane is presented, that allows us to obtain their computational form in the space-time domain and to analyse their probability interpretation.
Introduction
By replacing in the standard diffusion equation where u = u(x, t) is the (real) field variable, the second-order space derivative and the first-order time derivative by suitable integro-differential operators, which can be interpreted as a space and time derivative of fractional order, we obtain a sort of "generalized diffusion" equation. Such equation may be referred to as the space-time fractional diffusion equation when its fundamental solution (see below) can be interpreted as a probability density. We write t D^u(x,t) = x D%u(x,t), -oo<a;<+oo, £ > 0 , ( 1 . 2 ) where the a, 8, (3 are real parameters restricted as follows 0 < a < 2 , |0| < minja, 2 -a} , 0 < / ? < 2 . In other words the symbol of the pseudo-differential operator" x Dg is required to be the logarithm of the characteristic function of the generic stable (in the Levy sense) probability density, according to the Feller parameterization 3 . For a = 2
2 , so we recover the standard second derivative. More generally for 0 = 0 we have
In this case we call the LHS of (1. 
"Let us recall that a generic linear pseudo-differential operator A, acting with respect to the variable x £ iR, is defined through its Fourier representation, namely 
turn out to be, by using (1.4) and (1.6) with m = 1,2,
By fundamental solutions (or Green functions) of the above Cauchy problems we mean the (generalized) solutions corresponding to the initial conditions:
[^G^(a:,0+)=0,
We have denoted by S(x) the delta-Dirac generalized function, whose (generalized) Fourier transform is known to be 1, and we have distinguished by the apices (1) and (2) Furthermore, by recalling the Fourier convolution property, we note that the Green functions allow us the represent the solutions of the above two Cauchy problems through the relevant integral formulas:
We recognize from (2.3) that the function G a K J(x,t) along with its FourierLaplace transform is well defined also for 0 < (3 < 1 even if it loses its meaning of being a fundamental solution of (1.2), resulting
( 2 . 5 ) Jo By using the known scaling rules for the Fourier and Laplace transforms, and introducing the similarity variable xjt^l a , we infer from (2.3) (thus without inverting the two transforms) the scaling properties of the Green functions, so for the determination of the Green functions we can restrict our attention to x > 0 . Extending the method illustrated in 4 ' 9 , where only the Green function of type (1) was determined, we first invert the Laplace transforms getting
where Epj denotes the two-parameter Mittag-Leffler function 6 . We note the (c) for j = 1 and {0 < a = (3 < 2} (neutral fractional diffusion), where we have K a ;a (x) = N^(x), i.e. the class of the Cauchy-type densities 9 . Based on the arguments outlined in 9 , we extend the meaning of probability density to the cases { 0 < a < 2 , 0 < / 3 < l } and {1 < (3 < a < 2} by proving the following composition rules of the Mellin convolution type:
(2.10) c The names refer t o t h e two authors, who in the beginning of t h e past century developed the theory of these integrals using them for a complete integration of the hypergeometric differential equation. However, as revisited in 1 0 , these integrals were first introduced in 1888 by S. Pincherle (Professor of Mathematics at the University of Bologna from 1880 to 1928 For photocopying of material in this volume, please pay a copying fee through the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to photocopy is not required from the publisher. A special thank is addressed to all the participants to whom ultimately the success of the conference has to be ascribed. 
